In this paper, we generalize some coupled fixed point theorems for the mixed monotone operators F : X × X → X obtained in (Choudhury and Maity in Math. Comput. Model., 2011, doi:10.1016/j.mcm.2011) by significantly weakening the contractive condition involved and by replacing the mixed monotone property with another property which is automatically satisfied in the case of a totally ordered space. The proof follows a different and more natural new technique recently introduced by Berinde (Nonlinear Anal. 74:7347-7355, 2011). The example demonstrates that our main result is an actual improvement over the results which are generalized. MSC: 47H10; 54H25
Introduction and preliminaries
Banach's contraction principle is the most celebrated fixed point theorem. Since this principle, many authors have improved, extended and generalized this principle in many ways. Recently, Mustafa and Sims [, ] introduced an improved version of the generalized metric space structure, which they called a G-metric space, and established Banach's contraction principle in this work. For more details on G-metric spaces, one can refer to the papers [-]. Since then, some fixed point theorems in partially ordered G-metric spaces have been considered in [] and others.
Studies on coupled fixed point problems in partially ordered metric spaces and ordered cone metric spaces have received considerable attention in recent years ([-] and others). One of the reasons for this interest is their potential applicability. Specifically, Bhaskar and Lakshmikanthan [] established coupled fixed point theorems for a mixed monotone operator in partially ordered metric spaces. Afterward, Lakshmikanthan and Ciric [] extended the results of [] by furnishing coupled coincidence and a coupled fixed point theorem for two commuting mappings having the mixed g-monotone property. In a subsequent series, Choudhary and Kundu [] introduced the concept of compatibility and proved the result of [] under a different set of some conditions. Very recently, Berinde [] extended the results of [] by weakening the contractive condition using a differ-Definition . (see [] ) Let (X, G) be a G-metric space. A mapping F : X × X → X is said to be continuous on X × X if, for any two G-convergent sequences {x n } and {y n } converging to x and y, respectively, {F(x n , y n )} is G-convergent to F(x, y).
for all x, y ∈ X.
The concept of a mixed monotone property has been introduced by Bhaskar and Lakshmikantham in [] .
Definition . (see [] ) Let (X, ) be a partially ordered set. A mapping F : X × X → X is said to have the mixed monotone property if F(x, y) is monotone nondecreasing in x and is monotone nonincreasing in y, that is, for any x, y ∈ X,
Lakshmikantham and Ćirić in [] introduced the concept of a g-mixed monotone mapping.
Definition . (see [] ) Let (X, ) be a partially ordered set. Let us consider the mappings F : X × X → X and g : X → X. The mapping F is said to have the mixed g-monotone property if F(x, y) is monotone g-nondecreasing in x and is monotone g-nonincreasing in y, that is, for any x, y ∈ X,
To relax the mixed monotone property, Doric et al.
[] introduced the following condition.
If the elements x, y of a partially ordered set (X, ) are comparable (that is, x y or y x), then we write x y. Let F : X × X → X be a mapping. Then consider the following condition:
The following example shows that this condition may be satisfied when F does not have the mixed monotone property.
Example . (see []) Let
for all y ∈ X. Then F does not have the mixed monotone property since a b and
y). But it has the condition (.) since a F(a, y) = b and F(a, y) = b a = F(b, v) = F(F(a, y), v) and b a = F(b, y) and F(b, y) = a b = F(a, v) = F(F(b, y), v) (the other two cases are trivial).
Using the concepts of continuity, mixed monotone property and coupled fixed point, Choudhary and Maity [] introduced the following theorem.
Theorem . Let (X, ) be a partially ordered set and let G be a G-metric on X such that (X, G) is a complete G-metric space. Let F : X × X → X be a continuous mapping having the mixed monotone property on X. Assume that there exists k
for all x, y, u, v, w, z ∈ X with x u w and y v z, where either u = w or v = z. If there exist x  and y  ∈ X such that x  F(x  , y  ) and y  F(y  , x  ), then F has a coupled fixed point in X, that is, there exist x, y ∈ X such that x = F(x, y) and y = F(y, x).
In [], Choudhary and Maity established some coupled fixed point theorems in the setting of G-metric spaces. Starting from the results in [], our main aim of this paper is to obtain more general coupled fixed point theorems for the mappings having no mixed monotone property and satisfying a contractive condition which is more general than (.). 
Main results
Theorem . Let (X, ) be a partially ordered set and let G be a G-metric on X such that (X, G) is a complete G-metric space. Let F : X × X → X be a mapping satisfying the property http://www.journalofinequalitiesandapplications.com/content/2013/1/217 (.). Assume that there exists k ∈ [, ) such that for x, y, u, v, w, z ∈ X, then the following holds:
for all w u x and y v z, where either u = w or v = z. If there exist x  , y  ∈ X such that
Proof Consider the functional G  :
It is simple to check that G  is a G-metric on X  and, moreover, if (X, G) is complete, then (X  , G) is a complete G-metric space, too. We consider the mapping T :
G(F(x, y), F(u, v), F(w, z)) + G(F(y, x), F(v, u), F(z, w))  and
Hence, by the contractive condition (.), we obtain the Banach-type contractive condition in a G-metric space as follows:
for all Y , U, V ∈ X  with Y ≥ U and U ≤ V . Assume that (.) holds. Then there exist x  and y  in X such that
Denote Z  = (x  , y  ) ∈ X  and consider the Picard iteration associated to T and the initial approximation Z  , that is, the sequence {Z n } ⊂ X  is defined by
for all n ≥ , where Z n = (x n , y n ) ∈ X  for all n ≥ . Since X has the condition (.), we have
and so, by induction,
which shows that T is monotone and the sequence {Z n } is nondecreasing. We now follow the steps as in the proof of Banach's contraction principle in a G-metric space established by Mustafa and Sims [] .
for all n ≥ , which implies that
for all n ≥ . Thus, by induction, we have
for all n ≥ . Now, we claim that {Z n } is a Cauchy sequence in (X  , G  ). Let m < n. Then, by (.), we
So, {Z n } is indeed a Cauchy sequence in a complete G-metric space (X  , G  ) and hence it is convergent. Therefore, there existsZ ∈ X  such that
Since T is continuous in (X  , G  ), by virtue of the Lipschitzian type conditions (.) and (.), it follows thatZ is a fixed point of T, that is,
LetZ = (x,ȳ). Then, by the definition of T, we obtain
that is, (x,ȳ) is a coupled fixed point of F. This completes the proof.
Remark . Theorem . is more general than Theorem . which was established by Choudhary and Maity [] since the contractive condition (.) is more general than the contractive condition (.) of Theorem .. This fact is clearly illustrated by the following example.
Example . Let X = R and let G(x, y, z) = (|x -y| + |y -z| + |z -x|) for all x, y ∈ X be a G-metric defined on X. Also, let F : X × X → X be a mapping defined by 
for all x, y, u, v, w, z ∈ X with x ≥ u ≥ w and y ≤ v ≤ z. From this, in particular, for x = u = w and y = v = z, we get
Thus we have   ≤ k < , which is a contradiction. Now, we show that (.) holds. Indeed, since we have, for x = u and y = v,
by adding up the above two inequalities, we get exactly (.) with k =   < . Also, by Theorem ., we obtain that F has a unique coupled fixed point, that is, (.), but Theorem . cannot be applied to this example. Now, to ensure the uniqueness of a coupled fixed point, we impose an additional condition used by Bhaskar 
which is a contradiction since  ≤ k < . Case . Z * andZ are not comparable. In this case, there exists an upper bound or a lower bound Z = (z  , z  ) ∈ X  of Z * andZ. Then, in view of the monotonicity of T, T n (Z)
is comparable to T n (Z * ) = Z * and T n (Z) =Z. Now, again, by the contractive condition (.), we have 
